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Abstract
For a number field F , it is proved that the K2-semigroup K2(F,F++) defined in [R.V. Moody, J.
Morita, J. Algebra 229 (2000) 1] has similar properties to the positive K2 group K+2 (F) introduced
by Gras in [J. Number Theory 23 (1986) 322].
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1. Introduction
Our notation is the same as in [5]. Let R be a commutative ring with identity, let R× be
the set of all invertible elements in R, and let R∗ be the set of all nonzero elements in R.
A subset R+ of R is called a positive cone of R if the following conditions are satisfied:
(PC1) 0,1 ∈R+,
(PC2) R+ +R+ ⊂R+,
(PC3) R+R+ ⊂R+,
(PC4) R+ generates R as a group under addition.
In [5], Moody and Morita define a K2-semigroup K2(R,R+) (see details in [5]). They
prove the following theorems:
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370 X. Guo, H. Qin / Journal of Algebra 270 (2003) 369–373Theorem 1.1 [5, Theorem 1, (5)]. Let F be a field, and F+ a positive cone with {r−1 | r ∈
F+} = F+, and F+ ∩ (−F+) = {0}. Then K2(F,F+) is generated by the set of all {u,v}
with u,v ∈ F+, and K2(F,F+) is a group.
For real quadratic number fields, Moody and Morita get more precise results:
Theorem 1.2 [5, Theorem 3, (1), (3), (4)]. Let d > 0 be a square-free positive rational
integer, let F =Q(√d ) be a real quadratic number field over Q and let OF be the ring of
integers of F . Let F++ denote the set of totally positive elements of F together with 0.
(1) We obtain the following group isomorphism:
K2F  Z2 ⊕Z2 ⊕K2(F,F++).
(2) If the norm of the fundamental unit ε of OF is −1, then we obtain
1→ K2(OF )〈{−1,−1}, {ε, ε}〉 →K2(F,F++)→
⊕
P
(OF /P)→ 1
which is an exact sequence of groups in which the sum runs over all non-trivial prime
ideals of OF .
(3) In particular, if d = 2,5,13, then
K2(F )K2(OF )⊕K2(F,F++) and K2(F,F++)
⊕
P
(OF /P)×.
As for general number fields, their results are not as explicit as those of real quadratic
fields:
Theorem 1.3 [5, Theorem 4]. Let F be a real algebraic number field, and suppose that
{µ1, . . . ,µ1} is a set of m distinct embeddings of F into R over Q with m > 0. We
choose α1, . . . , αm ∈ F satisfying the property that µj(αj )  0 and µj(αi)  0 for all
1  i = j  m. Let F++ = {v ∈ F | µi(v)  0 for all 1  i  m}. Then we obtain the
following group isomorphism:
K2(F ) (Z2)m ⊕N,
where N is the abelian group presented by the generators
〈〈∗〉〉i,j , 〈〈v〉〉k , 〈〈v, v′〉〉
for all 1 i  j m, 1 k m, and v, v′ ∈ F++, and by the defining relations
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〈〈
α2j
〉〉
i
= 〈〈α−2i 〉〉j ,
〈〈v〉〉k is multiplicative,
〈〈v〉〉2k =
〈〈
α2k , v
〉〉
,
〈〈v, v′〉〉 is bimultiplicative,
∏
ij
〈〈∗〉〉εi ε
′
j
i,j ·
∏
i<j
〈〈∗〉〉−ε′i εji,j ·
∏
k
〈〈v′〉〉εkk ·
∏
k
〈〈v〉〉−ε′kk · 〈〈v, v′〉〉 = 1
if (αε11 . . .αεmm v)+ (αε
′
1
1 . . .α
ε′m
m v
′)= 1, where εk, ε′k ∈ {0,1} and v, v′ ∈ F++.
In [2], Keune considered a functor K+2 which is introduced by Gras in [1]. For a number
field F , K+2 (F ) is defined as the kernel of
(λρ) :K2(F )→
⊕
P real infinite
µ2,
where µ2 is the group {1,−1} and λρ is the Hilbert symbol on R,
λρ =
{−1 if νρ(α) < 0, νρ(β) < 0,
1 otherwise.
It is well known that λρ is a split homomorphism. Let σ1, . . . , σr1 be all real embeddings
of F and let σr1+1, σr1+1, . . . , σr1+r2, σr1+r2 be all complex embeddings of F . Let
τ1, . . . , τm be a set of distinct real embeddings of F and let F++ = {a ∈ F | τi(a) ∈ R+,
i = 1, . . . ,m}. In this paper, we will prove that K2(F,F++) is the kernel of the map
(λτi ) :K2(F )→
m⊕
i=1
µ2,
so that K2F K2(F,F++)⊕Zm2 .
From this result, we can easily deduce Theorem 1.2 and prove that the N in Theorem
1.3 is isomorphic to K2(F,F++).
2. Main results
Assume that F is a number field as in the introduction. For any α ∈ F , let α(i) = σi(α).
As usual, we let
l(α)= (α1, . . . , αr1+r2)=
(
log
∣∣α(1)∣∣, . . . , log∣∣α(r1)∣∣,2 log∣∣α(r1+1)∣∣, . . . ,2 log∣∣α(r1+r2)∣∣).
Lemma 2.1. For any i1 < i2 < · · ·< is < r1, there is x ∈ F such that x(i1) > 1, x(i2) > 1,
. . . , x(is) > 1, while the other real conjugate elements of x are positive but less than 1.
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(y1, y2, . . . , yr1+r2) with yk > 0 and yi < 0 when i = k. Considering the r1 × (r1 + r2)
matrix
A= (aij )=


l(u1)
...
l(ur1)

 ,
we see that aii > 0, aij < 0 if i = j and ∑r1+r2j=1 aij = 0. It is obvious that these
properties still hold if we replace ui by u2i . So we can assume that all real conjugate
elements of ui are positive. Without loss of generality, we can assume that is = s. Since
any s (with 1  s  r1) rows of A are linearly independent (if r2 = 0 and s = r1, the
assertion is obviously true), there exist a1, . . . , as ∈ Q such that the first s entries of
α = a1l(u1)+ · · · + asl(us) are positive. Assume that α1 < 0, . . . , αt < 0, αt+1 > 0, . . . ,
αs > 0. Suppose that α = (α1, . . . , αr1+r2), then α1 > 0, . . . , αs > 0. So
∑t
i=1 αi > 0. On
the other hand,
t∑
i=1
αi =
t∑
i=1
(aiai1 + · · · + aiais)=
t∑
i=1
ai(ai1 + · · · + ais),
where αi < 0 and ai1 + · · · + ais  0. So ∑ti=1 αi  0, which induces a contradiction.
Using the same argument, one can prove that ai  0 (for 1  i  s). Assume that
ai = ni/m, for 1  i  s, where ni and m are non-negative integers. Let x = un11 . . .unss .
Then x satisfies the conditions required. ✷
Theorem 2.2. Let τ1, . . . , τm be a set of distinct real embeddings of the number field F
and let F++ = {a ∈ F | τi(a) ∈ R+ for i = 1, . . . ,m}. Then K2(F,F++) is the kernel of
the map
(λτi ) :K2F →
m⊕
i=1
µ2
Proof. By Theorem 1.1, K2(F,F++) is contained in the kernel of (λτi ). By [3], every
element in K2F is not just a product of Steinberg symbols, but actually a symbol. So we
only need to prove that every element {α,β} in the kernel of (λτi ) can be written as a
product of elements of the form {a, b} where a, b ∈ F++.
Case 1. α ∈ F++. We suppose that β(i1) < 0, . . . , β(is) < 0, while the other real conjugate
elements of β are positive. By Lemma 2.1, there is u ∈ F such that ui1 > 1, . . . , uis > 1
and the other real conjugate elements are positive but less than 1. When k is sufficiently
large, we have (αuk)i1 > 1, . . . , (αuk)is > 1, while the other real conjugate elements of
αuk are less than 1. So
{α,β} = {αuk,β}{u,β}−k = {αuk, (1− αuk)β}{u, (1− u)β}−k ∈K2(F,F++).
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with
α(k1) > 0, β(k1) > 0, . . . , α(ks ) > 0, β(ks) > 0,
α(j1) > 0, β(j1) < 0, . . . , α(jt ) > 0, β(jt ) < 0,
α(l1) < 0, β(l1) > 0, . . . , α(lp) < 0, β(lp) > 0.
Replacing β by a suitable βu, we can assume:
α(k1) > 0, 1 > β(k1) > 0, . . . , α(ks ) > 0, 1 > β(ks) > 0,
α(j1) > 0, β(j1) < 0, . . . , α(jt ) > 0, β(jt ) < 0,
α(l1) < 0, β(l1) > 1, . . . , α(lp) < 0, β(lp) > 1.
So {α,β} = {α(1 − β),β}, where α(1 − β) ∈ F++. This is Case 1, so the theorem is
proved. ✷
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